Abstract. -The aim of this partly expository paper is to present and discuss two classes of sets of integers (Jamison and Kazhdan sets) whose definition and/or properties are determined or inspired by operator-theoretical properties. Jamison sets first appeared in the study of the relationship between the growth of the sequence of norms of iterates of a bounded linear operator on a separable Banach space and the size of its unimodular point spectrum.
Introduction
Our aim in this partly expository paper is to present a study of two particular classes of subsets of Z, defined by operator-theoretic conditions: Jamison sets and Kazhdan sets in Z. Our study fits into the general framework of the investigation of sets of integers defined by properties coming from various fields of mathematics: combinatorics, dynamical systems and ergodic theory, harmonic analysis... or operator theory. Well-known examples of such classes of sets are recurrence sets for dynamical systems in various contexts, or pointwise convergence sets (see for instance the accounts [14] , [13] or [7] , among many other works on the subject), van der Corput sets (see for instance [9] and the references therein), Bohr sets ( [8] , [20] , [17] ), Rajchman and Riesz sets, Sidon sets ( [18] ), and (very) many others. In several of these settings, the original definition admits a reformulation in operator-theoretic terms. We consider here classes of sets originally defined in operatortheoretic terms, motivated either by natural problems in operator or representation theory, or by questions pertaining to the study of geometry of groups via representation theory. In the two cases on which we focus here -namely Jamison sets and Kazhdan sets in Zone of our aims is to obtain characterizations of such classes of sets in terms of measures, which are much more tractable than the initial definitions and allow a thorough study of the aforementioned classes.
Jamison sets were first defined in operator theory as subsets of N, in the study of the relationship between the growth of the norms of the iterates of a bounded linear operator on a separable complex Banach space and the size of its peripheral point spectrum. Kazhdan sets in Z are particular cases of Kazhdan sets in general topological groups. This class of sets is especially important, as it is involved in the definition of the famous Property (T): a topological group has Kazhdan's Property (T), or is a Kazhdan group, if it admits a compact Kazhdan set. As any other non-compact locally compact amenable group, Z does not have Property (T), and thus admits no compact (i.e. finite in this case) Kazhdan set. Still, it makes sense to investigate the structure of Kazhdan sets in groups which do not have Property (T), and several questions along these lines were proposed in [6, Sec. 7.12] . Some of them were solved in the authors' paper [3] , where a new characterization of Kazhdan sets in general topological groups was obtained which yielded a characterization of Kazhdan sets in many classical groups. This approach also yielded an answer to a question proposed by Shalom in [6, Sec. 7.12] concerning the links between equidistribution properties of sequences pn k θq kě0 for irrational numbers θ and the fact that the set tn k ; k ě 0u is a Kazhdan subset of Z. Although the results of [3] hold in a much more general framework, understanding the case of the group Z proved to be a crucial step towards the general results. In particular, as we will see, Jamison sets play a key role in the proof of the results of [3] specialized to the group Z.
Thus, besides being a survey paper about Jamison and Kazhdan sets in Z, the present article is also intended as a companion to [3] , in which we present independent proofs of some of the results of [3] in the case of the group Z. The proofs in this particular setting rely only on classical tools from harmonic analysis, whereas the general proofs of [3] involve more sophisticated tools from abstract harmonic analysis, ergodic theory and representation theory. Also, the case of the group Z is extremely useful to build a good intuition of what is likely to happen in the study of Kazhdan sets in arbitrary groups. The reader familiar with [3] will realize easily enough that the proof of Theorem 2.3 of [3] relies on the same ideas as the proof of Theorem 4.12 below: convolution of measures become tensor product of representations in the proof of [3, Th. 2.3] , continuous measures are replaced by weakly mixing representations, and although Jamison sets do not appear in the proof of [3, Th. 2.3] , the dichotomy between Case 1 and Case 2 reflects the dichotomy between Jamison and non-Jamison sets in the case of Z.
The paper is organized as follows: we first present in Section 2 below the definition and the main properties of Jamison sets in the original setting of [1] and [2] , namely that of subsets of N. We introduce Jamison subsets of Z in Section 3, and briefly indicate how the known results about Jamison subsets of N extend to this setting. We also give in this section several examples of Jamison and non-Jamison subsets of Z. In Section 4, we consider Kazhdan subsets of Z as a particular case of the more general notion of Kazhdan sets in topological groups, and we characterize them in several ways. The two most useful characterizations are given in terms of Fourier coefficients of probability measures on the unit circle. While the first of these two characterizations (Theorem 4.6) follows from rather standard arguments, the second one (Theorem 4.12) is far less obvious, and actually forms the core of our study of Kazhdan subsets of Z. After giving several examples of Kazhdan and non-Kazhdan subsets of Z, we prove Theorem 4.12 in Section 6. Section 7 deals with the link between equidistribution properties modulo one and Kazhdan sets in Z. In particular, we re-obtain the answer of [3] to the above mentioned question of Shalom ([6, Sec. 7.12] ).
Jamison sets: the origins
Let us first fix some notation, which will be used throughout the paper. We will denote by T the unit circle in C and by D the open unit disk: T " tλ P C : |λ| " 1u and D " tλ P C : |λ| ă 1u. If T P BpXq is a bounded linear operator on a complex Banach space X, we denote by σ p pT q the point spectrum of T (i.e. the set of eigenvalues of T ). The set σ p pT q X T of eigenvalues of T of modulus 1 is called the unimodular point spectrum of T . We say that T P BpXq is power bounded if sup ně0 }T n } is finite. Observe that the spectrum of a power bounded operator is always included in the closed unit disc. Lastly, a set is said to be countable if it stands in one-to-one correspondence with a subset of N.
2.1. Definition of Jamison sequences. -The study of Jamison sequences of positive integers originated in the following question: how is the growth of the sequence p}T n }q ně0 of the norms of the iterates of T influenced by the size of the (unimodular) point spectrum of T and by the geometry of the ambient space X?
A basic result in this direction is due to Jamison [19] , who proved in 1965 that if X is separable and T is power bounded, the unimodular point spectrum σ p pT q X T of T is countable. Jamison's result is optimal in several senses: suitable unitary diagonal operators on a (separable or non-separable) Hilbert space show that σ p pT q X T may be any countable set under the hypotheses of the result, and that one cannot drop the assumption that X be separable. Also, nothing can be said in general about the size of the set of eigenvalues of a power-bounded operator which are not on the unit circle. For instance, the backward shift B on ℓ 2 pCq given by Bpx 0 , x 1 ,¨¨¨q " px 1 , x 2 ,¨¨¨q, x " px n q ně0 P ℓ 2 pCq, has any λ P D as an eigenvalue but has empty unimodular point spectrum. Jamison [19] gave an example of an operator of spectral radius one on a separable Hilbert space which has uncountably many unimodular eigenvalues.
In view of the result of Jamison, it was natural to investigate whether, given a strictly increasing sequence pn k q kě0 of integers, the condition sup kě0 }T n k } ă`8 (where T is a bounded operator on a separable Banach space X) implies that σ p pT q X T is countable.
When X is a general Banach space and σ p pT q X T is assumed to be uncountable, Ransford [29] proved that the norms ||T n || of the iterates of T tend to infinity along a subset of density 1 of N. This last result was complemented in the paper [30] , where Ransford and Roginskaya showed that the norms }T n } do not necessarily tend to infinity under such assumptions, even for separable Banach spaces. More precisely, they constructed, for each sequence pn k q kě0 of integers such that n k divides n k`1 for each k ě 0 and pn k q kě0 grows fast enough, a separable Banach space X and an operator T on X with uncountable unimodular point spectrum such that the sequence p}T n k }q kě0 is nonetheless bounded. This motivates the following definition.
Definition 2.1 ([30]
). -Let X be a separable Banach space. Let pn k q kě0 be a strictly increasing sequence of positive integers and let T be a bounded linear operator on X. We say that T is partially power bounded with respect to the sequence pn k q kě0 if sup kě0 }T n k } is finite.
The question to know for which sequences of integers partial power-boundedness implies countable unimodular point spectrum was investigated further in [1] and [2] , where the following definition was introduced: Definition 2.2. -Let pn k q kě0 be a strictly increasing sequence of positive integers. We say that pn k q kě0 is a Jamison sequence if for any separable Banach space X and any bounded operator T on X, σ p pT q X T is countable as soon as T is partially power-bounded with respect to pn k q kě0 .
2.2.
A characterization of Jamison sequences. -We shall see that being a Jamison sequence or not depends not only on the growth of the sequence but also on its arithmetical properties. Our aim now is to present a complete characterization of Jamison sequences which was obtained in [2] . In order to formulate this characterization we need to introduce a distance on the unit circle T associated to a given sequence pn k q kě0 with n 0 " 1: for λ, µ P T, let us define
This distance is used in [30] as well as in [1, 2] for the construction of non-Jamison sequences. The assumption that n 0 " 1 comes into play in order to ensure that d pn k q is indeed a distance on T. It could be replaced by the weaker assumption that the set tn k ; k ě 0u generates the group Z, but we will for simplicity's sake keep the hypothesis that n 0 be equal to 1. Observe also that the property of being a Jamison sequence remains unchanged by the addition or the removal of finitely many terms of the sequence. Assuming that the first term is equal to 1 is thus no real restriction.
Theorem 2.3 ([2]
). -Let pn k q kě0 be a strictly increasing sequence of positive integers with n 0 " 1. The following assertions are equivalent:
(1) the sequence pn k q kě0 is a Jamison sequence; (2) for every uncountable subset K of T, the metric space pK, d pn kis non-separable; (3) for every uncountable subset K of T, there exists ε ą 0 such that K contains an uncountable ε-separated family for the distance d pn k q ; (4) there exists ε ą 0 such that every uncountable subset K of T contains an uncountable ε-separated family for the distance d pn k q ;
(5) there exists ε ą 0 such that any two distinct points λ and µ in T are ε-separated for the distance d pn k q :
We obtain in particular the following characterization of Jamison sequences, which is the most useful one for practical as well as theoretical applications.
Theorem 2.4 ([2]
). -Let pn k q kě0 be a strictly increasing sequence of integers with n 0 " 1. The following assertions are equivalent:
(1) pn k q kě0 is a Jamison sequence; (2) there exists a positive real number ε such that for every λ P Tz t1u,
Indeed, condition p2q in Theorem 2.4 can be reformulated in terms of the distance d pn k q by saying that distinct points of T are uniformly separated for d pn k q .
Remark 2.5. -Let θ P R. Let us denote by }θ} :" min ptθu, 1´tθuq " inft|θ´n| : n P Zu the distance of θ to the nearest integer (tθu denotes here the fractional part of θ). Then 4}θ} ď |e 2iπθ´1 | ď 2π}θ} for every θ P R.
The condition (2) of Theorem 2.4 can be thus expressed as follows: there exists a positive real number ε 1 such that for every θ P p0, 1{2s we have
The most difficult part of the proof of Theorem 2.3 is that of the implication p1q ñ p2q. Assuming that a sequence pn k q kě0 does not satisfy (2) , and that there exists an uncountable subset K of T such that pK, d pn kis separable, we have to construct an operator on a separable Banach space which is partially power bounded with respect to pn k q kě0 and has uncountable unimodular point spectrum. Starting from the Hilbert space of complex sequences
we consider the backward shift S on H. For every λ P T, e λ " pλ, λ 2 , λ 3 , . . .q is an eigenvector of S associated to the eigenvalue λ. A new norm on this space H is defined by setting
and we set X new " tx P X ; ||x|| new ă`8u. Notice that e λ belongs to X new for every λ P T. Indeed, we have
If T denotes the operator induced by S on X new , we have sup kě0 ||T n k || new ď 3. Thus, with respect to the new norm, T is partially power bounded with respect to pn k q kě0 . The proof goes on by establishing the existence of a constant C ą 0 such that for every λ, µ P T, ||e λ´eµ || new ď C d pn k q pλ, µq. Our assumption that pK, d pn kis separable then implies that the space
|| . ||new re λ ; λ P Ks is separable, and the unimodular point spectrum of the operator induced by T on X K new is uncountable, as it contains K. The proof of the implication p3q ñ p5q in Theorem 2.3 shows that assertions p3q and p4q actually admit "infinite" instead of "uncountable" versions which are equivalent to pn k q kě0 being a Jamison sequence: Corollary 2.6. -The assertions of Theorem 2.3 are also equivalent to the following: (3') for every uncountable subset K of T, there exists ε ą 0 such that K contains an infinite ε-separated family for the distance d pn k q ; (4') there exists ε ą 0 such that every uncountable subset K of T contains an infinite ε-separated family for the distance d pn k q .
For a fixed sequence pn k q kě0 with n 0 " 1, we denote, for each ε ą 0, by Λ ε the subset of T defined by Thus, as soon as each one of the sets Λ ε has at least two elements, all of them are automatically uncountable.
2.3. Universal Jamison spaces. -The assertion that pn k q kě0 is not a Jamison sequence means that there exists a separable Banach space X and a bounded operator T P BpXq such that sup kě0 ||T n k || ă`8 and σ p pT q X T is uncountable. But the space X may very well be extremely complicated: as was briefly sketched above, in the original proof of Theorem 2.3 the space is obtained by a rather involved renorming argument. See also [4, Chapter 6] for a slightly modified description of this construction. We now introduce the following definition.
Definition 2.8. -Let X be a separable infinite-dimensional complex Banach space. We say that X is a universal Jamison space if the following property holds true: for any increasing sequence of positive integers pn k q kě0 which is not a Jamison sequence, there exists a bounded operator T on X which is partially power-bounded with respect to pn k q kě0 and whose unimodular point spectrum σ p pT q X T is uncountable.
Eisner and Grivaux proved in [12] that a separable infinite-dimensional complex Hilbert space is a universal Jamison space. The proof of [12] is completely explicit: the operators T with sup kě0 ||T n k || ă`8 and σ p pT q X T uncountable constructed there are perturbations by a weighted backward shift on ℓ 2 pNq (endowed with its canonical basis) of a diagonal operator with unimodular diagonal coefficients. For other Banach spaces, the following results are known.
Theorem 2.9 ([12]
). -The space ℓ p pNq is a universal Jamison space for every 1 ď p ằ 8.
Using the ideas of [12] , this was generalized by Devinck in [10] to a larger class of Banach spaces.
Theorem 2.10 ([10]
). -Any separable Banach space which admits an unconditional Schauder decomposition is a universal Jamison space.
We recall here that a separable Banach space X admits an unconditional Schauder decomposition if there exists a sequence pX ℓ q ℓě1 of closed subspaces of X (different from t0u) such that any vector x of X can be written in a unique way as an unconditionally convergent series ř ℓě1 x ℓ , where x ℓ belongs to X ℓ for all ℓ ě 1. There are many examples of Banach spaces which admit an unconditional Schauder decomposition, like spaces possessing an unconditional Schauder basis. Additional examples are Cpr0, 1sq, the James space and all spaces containing a copy of c 0 pNq. On the other hand (see [10] ), a hereditarily indecomposable Banach space is not a universal Jamison space since the unimodular point spectrum of any operator on such a space is countable (see [24] for details)).
2.4. Examples of Jamison sequences. -Using the characterization of Jamison sequences given by Theorem 2.4, it is easy to obtain many examples of such sequences. We present here some of them, following [2] . We have chosen to present the complete proofs whenever they are not too long.
Example 2.11. -Let pn k q kě0 be the sequence of all positive integers: n k " k`1 for every k ě 0. Then pn k q kě0 is a Jamison sequence.
Proof. -This is the classical result of Jamison. It is also a folklore result in character theory (or a simple exercise about the geometric aspects of complex numbers) that pn k q kě0 satisfies condition (2) of Theorem 2.4. It can even be proved that ε " ? 3 is the best Jamison constant for pn k q kě0 in the following sense: if z P T is such that |z k`1´1 | ă ? 3 for all k ě 0, then z " 1, and this constant ? 3 is optimal. Here is a possible proof of this statement. Let z P Tzt1u. If z is not a root of unity, then the subgroup generated by z is dense in the unit circle. In particular, there exists k ě 0 such that |z k`1´1 | ě ? 3. If z is a root of unity of even minimal order 2n then z n "´1. The last case that we need to consider is when z is a root of unity of odd minimal order 2n`1 for some n ě 1. It is then enough to consider the case when z " e 2iπ{p2n`1q . We have
The example λ " e 2iπ{3 shows that the constant ? 3 appearing in this statement cannot be improved.
Example 2.12 ([30]
). -Let pn k q kě0 be a strictly increasing sequence of positive integers such that sup
Then pn k q kě0 is a Jamison sequence. For instance, the sequence defined by n k " 2 k , k ě 0, is a Jamison sequence.
Proof. -Without loss of generality, we can assume that n 0 " 1. Let
e are going to show that condition (2) of Theorem 2.4 is satisfied with ε " 2 sin π 2κ . Let λ P Tzt1u, which we write as λ " e iθ , 0 ă θ ă 2π. Without loss of generality we suppose that 0 ă θ ď π. Since pn k q kě0 is a strictly increasing sequence with n 0 " 1, there exists a (unique) integer k ě 0 such that
Example 2.13. -Let pn k q kě0 be a strictly increasing sequence of integers such that the set tn k ; k ě 0u contains intervals of arbitrary length. Then pn k q kě0 is a Jamison sequence.
Proof. -We suppose as usual that n 0 " 1. Let δ 0 be such that 0 ă δ 0 ă 2. We are going to show that for every λ " e iθ P Tzt1u, 0 ă θ ď π, with θ{π irrational, there exists k ě 0 such that λ n k " e in k θ lies outside the arc I δ 0 " tλ P T ; |λ´1| ă δ 0 u. For each p ě 1, let rN p , . . . , N p`p´1 s be an interval of length p contained in the set tn k ; k ě 0u. Since θ{π is irrational, there exists an integer p ě 1 such that the numbers λ n , 0 ď n ă p, form a p2´δ 0 q-net of T (for the distance on T induced by the absolute value on C). In particular there exists 0 ď n ă p such that |λ n`λ´Np | ă 2´δ 0 , i.e. |λ Np`n`1 | ă 2´δ 0 . Then λ Np`n does not belong to the arc I δ 0 . Since the integer N p`n has the form n k for some k ě 1, and since the reasoning above holds true for any 0 ă δ 0 ă 2, we obtain that sup kě0 |λ n k´1 | " 2 for every λ " e iθ with θ{π irrational. Hence the set Λ 2 (see (2.1) for the definition) is countable, and by Corollary 2.7 we obtain that pn k q kě0 is a Jamison sequence.
Example 2.14. -( [29] ) If pn k q kě0 is a strictly increasing sequence of integers such that the set tn k ; k ě 0u has positive upper density, pn k q kě0 is a Jamison sequence.
Proof. -We suppose again that n 0 " 1. Since D " tn k ; k ě 0u has positive upper density, there exists δ P p0, 1q and a strictly increasing sequence pN r q rě1 of integers such that #r1, N r s X D ě δ N r for every r ě 1. Fix 0 ă θ 0 ă δπ, and let γ ą 0 be such that θ 0`γ ă δπ. For any λ P T with λ " e iθ , 0 ă θ ă π, θ{π irrational, we have by the uniform distribution of the sequence pλ n q ně0 in T that #t1 ď n ď N r ; λ n P pe´i θ 0 , e iθ 0 qu ď N r 2θ 0`2 γ 2π for r sufficiently large. Hence
for all r sufficiently large. It follows from the fact that #r1, N r s X D ě δ N r that for all such r there exists 1 ď n ď N r belonging to D such that λ n does not belong to the arc pe´i θ 0 , e iθ 0 q. We have thus proved that sup kě0 |λ n k´1 | ě |e iθ 0´1 | ą 0 for every λ " e iθ with θ{π irrational. By Corollary 2.7, pn k q kě0 is a Jamison sequence.
Condition p6q of Corollary 2.7, which is weaker than Condition p5q in Theorem 2.3, is already used in [30] and [1] in order to obtain Jamison sequences. We use it again in the following example (cf. [2] ). Recall that a set Σ " pσ k q kě0 of real numbers is said to be dense modulo 1 if the set Σ`Z " tσ k`n : k ě 0, n P Zu is dense in R. For any η ą 0, the set Σ is said to be η-dense modulo 1 if the set Σ`Z intersects every open sub-interval of R of length greater than η.
Example 2.15. -Let pn k q kě0 be a strictly increasing sequence of integers. If there exists a number 0 ă η ă 1 such that the set
is countable, then pn k q kě0 is a Jamison sequence.
Proof. -We can suppose that n 0 " 1. Let I be a closed sub-arc of T, not containing the point 1, of length 2πη ă 2π. If λ " e 2iπθ is such that θ does not belong to D η , there exists a k ě 0 such that λ n k belongs to I. Hence there exists ε ą 0 such that sup kě0 |λ n k´1 | ě ε for every such λ. The set Λ ε defined in (2.1) is thus countable for this particular choice of ε, and hence pn k q kě0 is a Jamison sequence.
In particular, if pn k θq kě0 is dense modulo 1 for every irrational θ (for instance, if pn k θq kě0 is uniformly distributed modulo 1 for every irrational θ), then pn k q kě0 is a Jamison sequence.
Sequences which are not Jamison sequences. -
The fact that all the sets Λ ε , ε ą 0, are uncountable as soon as all of them are non-trivial greatly simplifies the task of exhibiting non-Jamison sequences, in the sense that we only have to construct one non-trivial point belonging to each one of the sets Λ ε instead of uncountably many ones. We recall below the following example of non-Jamison sequences:
). -Let pn k q kě0 be a strictly increasing sequence of integers such that n k`1 n k tends to infinity as k tends to infinity. Then pn k q kě0 is not a Jamison sequence.
Proof. -A first proof is given in [1] , and a simplified new proof in [2] .
In view of Example 2.13 above, it is natural to ask whether a sequence pn k q kě0 containing arithmetic progressions of arbitrary length is necessarily a Jamison sequence. It is not so, as shown in the next example which was pointed out to us independently by Evgeny Abakumov and Vladimir Müller.
Example 2.17. -If pn k q kě0 is the strictly increasing sequence of integers defined by the condition
then pn k q kě0 is not a Jamison sequence, but it contains arithmetic progressions of arbitrary length.
Proof. -Since n 0 " 1, it suffices by Theorem 2.4 to exhibit for each ε ą 0 a number λ P Tzt1u such that sup kě0 |λ n k´1 | ă ε. Let r 0 be an integer such that
and let λ " e iθ , where θ "
The same kind of proof shows that the following conditions suffice for a sequence to be non-Jamison:
Example 2.18. -Let pn k q kě0 be a strictly increasing sequence of integers such that n k divides n k`1 for every k ě 0, and lim kÑ`8
Proof. -Again we can assume that n 0 " 1. Fix ε ą 0, and let k 0 ě 1 be such that
, then the divisibility assumption on the integers n k implies that λ n k " 1 for every k ą k 0 . Also, λ n k " e in k θ for every 0 ď k ď k 0 , and we obtain in the same way as in Example 2.17 above that sup kě0 |λ n k´1 | ă ε.
As a corollary, we obtain our last example in this section:
Example 2.19. -Let pn k q kě0 be a strictly increasing sequence of integers such that n k divides n k`1 for every k ě 0. Then pn k q kě0 is a Jamison sequence if and only if sup kě0
The notion of Jamison sequence can be extended, in a natural way, to that of Jamison subset of Z. As Jamison sets will play an important role in our forthcoming study of Kazhdan subsets of Z, we give briefly in Section 3 below the definitions and results which will be needed.
Jamison sets in Z
Taking into account that power bounded operators are nothing but bounded representations of the semigroup N, the following definition of Jamison sets in Z is quite natural. This definition first appeared in [11] , in the more general context of the study of Jamison subsets of certain abelian groups. Definition 3.1. -A subset Q of Z is said to be a Jamison set in Z if it has the following property: whenever T is a bounded invertible operator on a complex separable Banach space X such that sup nPQ ||T n || is finite, the unimodular point spectrum σ p pT q X T of T is countable.
Jamison subsets Q of Z can be characterized in exactly the same way as Jamison sequences were characterized in Theorem 2.4 above. We will need to assume in what follows that 1 belongs to Q (or, more generally, that the subgroup generated by Q is the whole of Z).
Theorem 3.2. -Let Q be a subset of Z containing the point 1. The following assertions are equivalent:
(1) Q is a Jamison set in Z;
(2) there exists a positive real number ε such that for every λ P Tz t1u,
Proof. -The proof of Theorem 3.2 is very similar to that of Theorem 2.4, as given in [2] . Let Q be a subset of Z containing 1. The easy implication is the following: if we have, for some ε ą 0, sup nPQ |λ n´1 | ě ε whenever λ P Tzt1u, then Q is a Jamison set in Z. Indeed, let X be a separable Banach space, and let T P BpXq be an invertible operator which is partially power-bounded with respect to Q. We set M " sup nPQ ||T n ||. If λ and µ are two different eigenvalues of T , let e λ and e µ be two associated eigenvectors of T with ||e λ || " ||e µ || " 1. Then T p e λ " λ p e λ for every p P Z. We have
by our assumption, and the separability of X implies that σ p pT q X T is countable.
The proof of the converse implication follows the same method as in [2] . We present only the (very minor) necessary changes. Starting from the Hilbert space
we consider the bilateral shift S on H and its eigenvectors e λ " p. . . , λ´2, λ´1, 1, λ, λ 2 , . . .q, λ P T. We define a new norm on this space H by setting
and define X new " tx P X ; ||x|| new ă`8u. Then e λ belongs to X new for every λ P T, and the invertible operator T induced by S on a suitable closed subspace of X new produces the desired example of a partially power-bounded operator with respect to Q on a separable Banach space with uncountable unimodular point spectrum.
A constant ε ą 0 for which assertion (2) of Theorem 3.2 above holds true is called a Jamison constant for Q. The same proof as that of [2, Th. 2.1] shows the following result: Theorem 3.3. -If Q is a subset of Z containing 1 which is not a Jamison set, there exists for every ε ą 0 an (uncountable) perfect compact set of elements λ P T such that sup nPQ |λ n´1 | ă ε.
An important consequence of Theorem 3.3 is the following: suppose that Q is a subset of Z containing 1 which has the following property: there exists ε ą 0 such that the set of λ P T such that sup nPQ |λ n´1 | ă ε is countable. Then Q is a Jamison set. Thanks to this, one can show easily, in the same way as in [1, Cor. 2.3] or Example 2.15 above, the following result:
Example 3.4. -Let pn k q kě0 be a sequence of elements of Z such that n 0 " 1 and pn k θq kě0 is uniformly distributed modulo 1 for every θ P RzQ. Then Q " tn k ; k ě 0u is a Jamison set in Z.
We will come back to this example in Section 6.
Kazhdan sets in Z
Before starting to discuss the particular case of the group Z, let us say some words about Kazhdan sets in general topological groups.
4.1. Kazhdan sets in topological groups. -We start by recalling briefly the relevant definitions, and refer the reader to [6] 
a Hilbert space H which admits a pQ, εq-invariant vector has a non-zero G-invariant vector; (iii) the set Q is a Kazhdan set in G if there exists ε ą 0 such that pQ, εq is a Kazhdan pair in G. Such an ε ą 0 is called a Kazhdan constant for Q; (iv) the group G has Property (T) if it admits a compact Kazhdan set.
Property (T) is a rigidity property of topological groups which has been introduced by Kazhdan [21] in order to show that certain lattices in locally compact groups are finitely generated. It has striking applications to many subjects, as shown in the authoritative monograph [6] by Bekka, de la Harpe and Valette. Typical examples of groups with Property (T) are the groups SL n pKq for n ě 3, where K is a local field. As a lattice in a locally compact group has Property (T) if and only if the group itself has it, SL n pZq has Property (T) for n ě 3. Property (T) and amenability are two opposite properties, and the only locally compact amenable groups with Property (T) are the compact ones.
It is not an easy task to exhibit explicit Kazhdan pairs in groups with Property (T), as pointed out by Serre and de la Harpe and Valette [6] . Discrete groups with Property (T) are finitely generated, and Kazhdan sets in such groups can be completely described: these are the generating subsets of the group [6, Prop. 1.3.2] . See the references [31] , [21] , [5] or [26] for some examples of constructions of explicit Kazhdan sets in groups with Property (T). When the group does not have Property (T), it is also an interesting and difficult problem to exhibit "small" -although non-compact-Kazhdan subsets of the group (we remind that the pair pG, ? 2q is always a Kazhdan pair in a topological group G, see [6, Prop. 1.1.5]). This problem is mentioned in [6, Sec. 7.12] , where, more precisely, the following two questions are stated. The second question is attributed in [6, Sec. 7 .12] to Y. Shalom. what are the relations between the equidistribution properties modulo 1 of the sequences pn k θq kě0 , θ P RzQ, and the fact that tn k ; k ě 0u is a Kazhdan set in Z?
In the paper [3] , we answered Question 4.3 by showing that if pn k q kě0 is a sequence of elements of Z such that pn k θq kě0 is uniformly distributed
a pQ, εq-invariant vector has a finite-dimensional subrepresentation.
As the results of [3] hold in a very general framework, their proofs involve some abstract tools: a key ingredient is an abstract version of the classical Wiener Theorem ([3, Th. 3.7]) which, given a unitary representation π of an arbitrary group G on a Hilbert space H, yields an explicit expression for the quantities m G p|xπp . qx, yy| 2 q, where x and y are two vectors of H. The notation m G represents here the unique invariant mean on the space WAP pGq of weakly almost-periodic functions of G. The proof of Theorem 2.5 in [3] proceeds by contradiction, and uses this general version of the Wiener Theorem to show that certain infinite tensor products of unitary representations are weakly mixing. The spaces supporting these representations are incomplete tensor products of Hilbert spaces, which were first constructed by von Neumann in [27] , and whose study was later on taken up by Guichardet in [15] . (a) Q is a Kazhdan set in Z; (b) there exists ε ą 0 such that any unitary operator U acting on a complex separable Hilbert space H satisfies the following property: if there exists a vector x P H with ||x|| " 1 such that sup nPQ ||U n x´x|| ă ε, then there exists a non-zero vector y P H such that U y " y (i.e. 1 is an eigenvalue of U ).
Characterizing Kazhdan sets in
As any cyclic unitary operator lives on a separable Hilbert space, it suffices to consider in (b) separable Hilbert spaces. Suppose indeed that (b) holds true, and let U be a unitary operator acting on a complex (possibly non-separable) Hilbert space H. Decomposing U as a direct sum of cyclic unitary operators, we can write H as H " ' iPI H i , where H i is separable for every i P I, on which U acts as U " ' iPI U i , U i being a unitary operator on H i for every i P I. Suppose that x " ' iPI x i P H is such that ||x|| " 1 and sup nPQ ||U n x´x|| ă ε{2 (where ε ą 0 is given by (b) above). This means that ř iPI ||x i || 2 " 1 and sup nPQ ř iPI ||U n i x i´xi || 2 ă ε 2 {4. Let I 0 be a finite subset of I (depending of course on x) such that ř iPI 0
Hence we get that
Since ' iPI 0 U i is a unitary operator on the separable Hilbert space ' iPI 0 H i , (b) applies, and ' iPI 0 U i has a non-zero fixed point. This implies that U itself has a non-zero fixed point. We have thus proved that Q is a Kazhdan set in Z (this proof is actually a mere rewriting of the well-known observation that if a topological group G is second-countable, Q is a Kazhdan subset of G as soon as there exists ε ą 0 such that property (ii) of Definition 4.1 holds true for unitary representations of G on separable Hilbert spaces). Applying property (b) of Fact 4.5 to multiplication operators and using the spectral theorem for unitary operators, we first derive a characterization of Kazhdan subsets of Z in terms of Fourier coefficients of probability measures on the unit circle. (1) Q is a Kazhdan subset of Z; (2) there exists ε ą 0 such that the following property holds true: any probability measure σ on T such that sup nPQ |p σpnq´1| ă ε satisfies σpt1uq ą 0.
Proof. -We first prove the implication p1q ùñ p2q. Let δ ą 0 be a Kazhdan constant for the set Q, and let σ be a probability measure on T such that sup nPQ |p σpnq´1| ă δ 2 {2. We denote by M σ the multiplication operator by the independent variable λ on the space L 2 pT, σq and by 1 the constant function equal to 1. Then ||M n σ 1´1|| 2 " 2p1´ℜe p σpnqq for every n P Z, so that sup nPQ ||M n σ 1´1|| ă δ. Since M σ is a unitary operator and 1 a unit vector in L 2 pT, σq, it follows from (b) of Fact 4.5 that there exists a non-zero function f P L 2 pT, σq such that M σ f " f , i.e. pλ´1qf pλq " 0 in L 2 pT, σq. Hence σpt1uq ą 0, which proves (2).
Let us now prove the implication p2q ùñ p1q. Let U be a unitary operator on a separable complex Hilbert space H. By the spectral theorem for normal operators, there exists a finite or infinite sequence pσ i q iPI of probability measures on T such that U is similar, via an invertible isometry, to the direct sum operator M "
H / / K be an invertible isometry such that U " V˚M V . Let now ε ą 0 be a constant satisfying assumption (2) of Theorem 4.6, and suppose that x P H is a unit vector such that sup nPQ ||U n x´x|| ă ε.
ÿ iPIˇf i pλqˇˇ2dσ i pλq for every n P Z.
Let σ be the positive measure on T defined by
Since ||f || 2 " ř iPI ||f i || 2 " 1, σ is a probability measure. It satisfies ||M n f´f || 2 " 2p1´ℜe p σpnqq for every n P Z, so that sup nPQ |1´p σpnq| 2 " 2 sup
It follows that σpt1uq ą 0, so that σ i 0 pt1uq ą 0 for some i 0 P I. Set g i 0 " 1 t1u (the characteristic function of the set t1u), g i " 0 for i P Izti 0 u, and g " À iPI g i . Then g is a non-zero vector of K with M g " g. Since U " V˚M V , it follows that y " V˚g is a non-zero vector of H which satisfies U y " y. Property (b) of Fact 4.5 is proved, so Q is a Kazhdan set in Z.
Remark 4.7. -The above proof yields the following quantitative statements: if pQ, δq is a Kazhdan pair for Z, then assertion (2) of Theorem 4.6 holds true with ε " δ 2 {2; conversely, if assertion (2) of Theorem 4.6 holds true with constant ε, then pQ, εq is a Kazhdan pair for Z.
As we will use it repeatedly to exhibit non-Kazhdan sets in Z, we state separately the following obvious reformulation of Theorem 4.6: Corollary 4.8. -Let Q be a subset of Z. The following assertions are equivalent:
(1) Q is not a Kazhdan set in Z; (2) for any ε ą 0, there exists a probability measure σ on T such that σpt1uq " 0 and sup nPQ |p σpnq´1| ă ε.
As a consequence of Theorem 4.6, we now show that whenever Q is a Kazhdan set in Z, property (b) of Fact 4.5 above can be extended to arbitrary contractions on complex Hilbert spaces. Recall that if T is a bounded operator on a complex Hilbert space H, we denote by σpT q the spectrum of T , and by σ p pT q the point spectrum of T (i.e. the set of eigenvalues of T ). A contraction on H is a bounded operator T on H with ||T || ď 1. If T is a contraction on H, we set T n " T n for n ě 0 and T n " T˚n for n ă 0. For every x P H, the sequence pxT n x, xyq nPZ is positive definite (see [32] ), so that there exists by Bochner's theorem a positive measure µ x on T which satisfies p µ x pnq " xT n x, xy for every n P Z. If ||x|| " 1, µ x is a probability measure on T. Contractions (and, more generally, power-bounded operators) on a Hilbert space satisfy the von Neumann mean ergodic theorem: for every x P H,ˇˇˇˇˇˇˇˇˇ1
where P KerpT´Iq denotes the orthogonal projection of H on the space KerpT´Iq of fixed points for T .
Theorem 4.9. -Let Q be a subset of Z. The following assertions are equivalent:
(1) Q is a Kazhdan set in Z; (2) there exists ε ą 0 such that for any contraction T on a complex Hilbert space H, the following holds true: if there exists a vector x P H with ||x|| " 1 such that sup nPQ |1´xT n x, xy| ă ε, then 1 belongs to σ p pT q.
Proof. -The implication p2q ùñ p1q follows immediately from Fact 4.5, observing that if U is a unitary operator on H and x P H is a unit vector such that sup nPQ ||U n x´x|| ă ε, then sup nPQ |xU n x, xy´xx, xy| ă ε, i.e. sup nPQ |xU n x, xy´1| ă ε. It remains to prove that p1q implies p2q. Let Q be a Kazhdan set in Z, and fix ε ą 0 satisfying property (2) of Theorem 4.6. Let T P BpHq be a contraction on a Hilbert space H, let x be a unit vector in H with sup nPQ |1´xT n x, xy| ă ε, and let µ x be a probability measure on T which satisfies p µ x pnq " xT n x, xy for every n P Z. Our assumption implies that sup nPQ |1´p µ x pnq| ă ε, from which it follows that µ x pt1uq ą 0. Since ż
it follows from the mean ergodic theorem that µ x pt1uq " xP KerpT´Iq x, xy. Since µ x pt1uq ą 0, KerpT´Iq is non-zero, which means exactly that 1 belongs to σ p pT q.
Remark 4.10. -The above proof gives the following relationships between the constants: if pQ, δq is a Kazhdan pair for Z, then assertion (2) of Theorem 4.9 holds true with ε " δ 2 {2; if assertion (2) of Theorem 4.9 holds true with constant ε, then pQ, εq is a Kazhdan pair for Z.
Remark 4.11. -Using unitary dilations, one can give a different proof of the implication p1q ùñ p2q of Theorem 4.9. Suppose that pQ, δq is a Kazhdan pair in Z. Let T P BpHq be a contraction on a Hilbert space H, and let h be a unit vector in H with sup nPQ |1´xT n h, hy| ă δ 2 {2. Let U be the minimal unitary dilation of T (see [32] for definitions), acting on a larger Hilbert space K " H ' pK a Hq endowed with an inner product x¨,¨y K . Then xU n ph, 0q, ph, 0qy K " xT n h, hy for every n P Z, and therefore we obtain }U n ph, 0q´ph, 0q} 2 " 2p1´ℜexU n ph, 0q, ph, 0qy K q " 2p1´ℜexT n h, hyq ď 2|1´xT n h, hy| ă δ 2 for all n P Q. Hence sup nPQ }U n ph, 0q´ph, 0q} ă δ, and by Fact 4.5 the point 1 belongs to the point spectrum of the unitary operator U . Since U is the minimal unitary dilation of T , we also have (see [32, Chapter 2] ) that 1 belongs to σ p pT q.
The following characterization of Kazhdan sets will be very important in the sequel. Rather surprisingly, it shows that the point 1 does not play a special role in the description of Kazhdan sets (either as an eigenvalue of the operators involved in the statement of Theorem 4.9 or as the point mass of the measures σ appearing in Theorem 4.6).
Theorem 4.12. -Let Q be a subset of Z which contains the point 1. The following assertions are equivalent:
(1) Q is a Kazhdan subset of Z; (2) there exists ε ą 0 such that the following property holds true: any probability measure σ on T such that sup nPQ |p σpnq´1| ă ε has a discrete part.
Theorem 4.12 can obviously be reformulated as follows:
Corollary 4.13. -Let Q be a subset of Z containing 1. Then Q is not a Kazhdan set in Z if and only if there exists for any ε ą 0 a continuous probability measure σ on T such that sup nPQ |p σpnq´1| ă ε.
We postpone the proof of Theorem 4.12 to the forthcoming Section 6 of the paper.
Examples of Kazhdan sets in Z
As Jamison sets are a crucial tool for the proof of Theorem 4.12, we begin this section by studying the links between the classes of Jamison and Kazhdan sets in Z.
Kazhdan versus Jamison sets in Z.
-A first reason why Jamison sets appear naturally in our study of Kazhdan sets in Z is given by the following fact:
Proof. -Let ε ą 0 be a Kazhdan constant for Q. Let also λ P T be such that sup nPQ |λ n1 | ă ε. Applying (2) of Theorem 4.6 to the measure σ " δ tλu , we obtain that σpt1uq ą 0, i.e. that λ " 1. Hence Q is a Jamison set in Z. This argument shows that if ε is a Kazhdan constant for Q, then ε 2 {2 is a Jamison constant for Q (in the sense of the definition given after Theorem 3.2). The following direct argument using operators shows that ε is also a Jamison constant for Q. Indeed, if λ P T is such that sup nPQ |λ n´1 | ă ε, the unitary operator U given by multiplication by λ on C satisfies sup nPQ ||U n 1´1|| ă ε. Hence 1 is an eigenvalue of U , and λ " 1.
Fact 5.1 is actually a direct consequence of the observation that Jamison sets in Z are exactly Kazhdan sets in Z for the class of irreducible unitary representations of Z (if C is a certain class of representations of a topological group G, a subset Q of G is a Kazhdan set for C if there exists ε ą 0 such that property (ii) of Definition 4.1 holds true for every representation π of G belonging to C). Not all Jamison sets give rise to Kazhdan sets though. This can be seen thanks to the following example:
Example 5.2. -Let pn k q kě0 be a sequence of positive integers such that n 0 " 1, and such that n k divides n k`1 for every k ě 0. Then Q " tn k ; k ě 0u is not a Kazhdan set in Z. But (as shown in Example 2.19) if sup kě0 pn k`1 {n k q is finite, then Q is a Jamison set in Z.
Proof. -We will construct, for every ε ą 0, a continuous measure σ on T such that
The construction is essentially the same as the one given in [12, Prop. 3.9] . It uses infinite convolution of two-points Dirac measures, following an argument communicated by JeanPierre Kahane. Let pa j q jě1 be a decreasing sequence of positive real numbers with a 1 ă ε{p2πq such that the series ř jě1 a j is divergent. Then the measure σ "j ě1`p 1´a j qδ t1u`aj δ te 2iπ{n j u˘ is well-defined on T, and is a probability measure. Moreover, the assumption that the series ř jě1 a j diverges implies that the measure σ is continuous. For every k ě 0,
ince n j divides n k for every 0 ď j ď k. As |1´a j p1´e 2iπn k {n j q| ď 1, it follows that
by our assumption on the sequence pa j q jě1 . Thus, by Theorem 4.12, tn k ; k ě 0u is not a Kazhdan set in Z. Example 5.3. -The set N is a Kazhdan set in Z, as well as any subset Q " tn k ; k ě 0u of Z such that pn k θq kě0 is uniformly distributed modulo 1 for any θ P RzZ.
Some examples of
Proof. -Let pn k q kě0 be such that pn k θq kě0 is uniformly distributed modulo 1 for any θ P RzZ, i.e. that 1
for every λ P Tzt1u. Let σ be a probability measure on T such that sup kě1 |p σpn k q´1| ă 1.
we have σpt1uq ą 0.
On the other hand, the sets aN, where a ě 2, are obviously never Kazhdan sets in Z (they do not generate Z).
Example 5.4. -Let a ě 2 be an integer. The set aZ, as well as all infinite subsets of aZ, are never Kazhdan sets in Z.
We next provide an example showing that tn k ; k ě 0u may be a Kazhdan set in Z without pn k θq kě0 being uniformly distributed modulo 1 for every θ P RzQ.
Example 5.5. -The set t2 k`k ; k ě 0u is a Kazhdan set in Z, although there exists an irrational number θ such that the sequence pp2 k`k qθq kě0 is not dense in r0, 1s modulo 1, hence not uniformly distributed modulo 1.
Proof. -The sequence pn k q kě0 defined by n k " 2 k`k , k ě 0, satisfies the relation 2n k " n k`1`k´1 . Let σ be a probability measure on T such that sup kě0 |p σpn k q´1| ă 1{18. Since, by the Cauchy-Schwarz inequality,
we have
for all k ě 1, so that sup kě0 |p σpkq´1| ă 1. Hence σpt1uq ą 0 by the proof of Example 5.3. So tn k ; k ě 0u is a Kazhdan set in Z. But pn k q kě0 being lacunary, it follows from a result due independently to Pollington [28] and De Mathan [23] that there exists a subset A of r0, 1s of Hausdorff measure 1 such that for every θ in A, the set tn k θ ; k ě 0u is not dense modulo 1. One of these numbers θ is irrational, and pp2 k`k qθq kě0 is of course not uniformly distributed modulo 1 for this particular choice of θ.
The same kind of argument allows us to show the following result (which also follows from Theorem 7.1):
Example 5.6. -The set P of prime numbers is a Kazhdan set in Z.
Proof. -A result of Vinogradov [33] states that any sufficiently large odd integer can be written as a sum of at most three prime numbers; therefore every sufficiently large integer can be written as a sum of at most four prime numbers. It follows from the same reasoning as in Example 5.5 above that if σ is a probability measure on T such that sup pPP |p σppq´1| ă 1{32, there exists an integer k 0 such that sup kěk 0 |p σpkq´1| ă 1. The same argument as in Example 5.3 then implies that σpt1uq ą 0 and thus P is a Kazhdan set in Z.
The above proof combined with Remark 4.7 implies that pP, 1{32q is a Kazhdan pair in Z. A better Kazhdan constant for P, namely ? 2{4, can be obtained using Vinogradov's result and the following argument. Assume that U is a unitary operator acting on a Hilbert space H and that x P H is a norm one vector such that sup pPP }U p x´x} ă ? 2{4. If p j , 1 ď j ď 4, are four prime numbers, then
As every sufficiently large integer can be written as a sum of at most four prime numbers, we obtain the existence of an integer k 0 such that sup kěk 0 }U k x´x} ă ? 2. The classical argument showing that pG, ? 2q is a Kazhdan pair for any topological group G (see [6, Prop. 1.1.5]) applies in our situation. We obtain that 1 is an eigenvalue of U , and it thus follows that pP, ? 2{4q is a Kazhdan pair in Z.
More generally:
Proposition 5.7. -Let pn k q kě0 be a sequence of elements of Z. Suppose that there exist an integer a ě 2 and integers b 0 , . . . , b p P Z, not all zero, such that (i) the set tb 0 n k`b1 n k`1`¨¨¨`bp n k`p ; k ě 0u contains all sufficiently large multiples of a;
(ii) there exists k ě 0 such that n k and a have no non-trivial common divisor. Then tn k ; k ě 0u is a Kazhdan set in Z.
Proof. -We can suppose without loss of generality that n 0 and a have no non-trivial common divisor. Let 1 ď r ď a´1 be such that n 0 " r mod a, and let C denote the set of all the a-th roots of 1 which are different from 1. Then λ r ‰ 1 for every λ P C (if λ a " λ r " 1 and λ " 1, a and r have a non-trivial common divisor), and hence there exists 0 ă δ ă 1{2 such that 1´ℜepλ r q ą 12δpa´1q for every λ P C. Let σ be a probability measure on T such that
Using again the chain of inequalities
we obtain that sup kě0 |p σpb 0 n k`¨¨¨`bp n k`p q´1| ă δ.
Suppose now that σpt1uq " 0. Assumption (i) and an argument similar to the one employed in the proof of Example 5.3 imply that |σpCq´1| ď δ, so that σpCq ě 1´δ. Let τ be the probability measure on T supported on C defined by τ " σpCq´11 C σ. We write τ as τ " ř λPC a λ δ tλu , where a λ ě 0 for each λ P C and
Hence |p τ pn 0 q´1| ď |p σpn 0 q´1|`2 1´σpCq σpCq ď |p σpn 0 q´1|`2 δ 1´δ ď 3δ 1´δ ă 6δ since δ ă 1{2. This implies that a λ p1´ℜepλ ră 6δ for every λ P C. Since ř λPC a λ " 1 and C has cardinality a´1, there exists λ 0 P C such that a λ 0 ą p1´δq{pa´1q. We thus obtain that 1´ℜepλ r 0 q ă 6δpa´1q{p1´δq ă 12δpa´1q, which contradicts our assumption on δ. Hence σpt1uq ą 0, and tn k ; k ě 0u is a Kazhdan set in Z.
As a consequence of Proposition 5.7, we obtain for instance:
Example 5.8. -The set of squares tk 2 ; k ě 1u is a Kazhdan set in Z.
Proof. -It suffices to observe that pk`2q 2´k2 " 4pk`1q, while there are some square numbers which are not divisible by 4.
This last result will be generalized in Section 7 as a consequence of Theorem 7.1, see Example 7.3 below.
Examples 5.6 and 5.8 above can also be derived from the following observation. A subset Q of N is said to have positive Shnirel'man density if inf N ě1 1 N #r1, N s X Q is positive. Any set Q with positive Shnirel'man density has the property that there exists an integer d ě 1 such that every element of N can be written as a sum of at most d elements of Q (not necessarily distinct). See [25, Ch. 7] for more on this topic. We deduce from this observation that Example 5.9. -Any subset Q of N with positive Shnirel'man density is a Kazhdan set in Z.
The set t0, 1u Y pP`Pq " t0, 1u Y tp`q ; p, q P Pu has positive Shnirel'man density (see [25, Th. 7.8]) , and this implies again (see also [25, Th. 7.9] ) that P is a Kazhdan set in Z.
We finish this section with a last example along these lines. It immediately follows from [25, Th. 7.10] , which states that if Q is a set of primes containing a positive proportion of the primes, every sufficiently large element of N can be written as the sum of a bounded numbers of elements of Q.
Example 5.10. -Let Q be a set of primes that contains a positive proportion of the primes, that is, there exists a constant θ P p0, 1q such that #pr1, N sX Qq ą θ #pr1, N sX Pq for all N sufficiently large. Then Q is a Kazhdan set in Z.
Proof of Theorem 4.12
The implication p1q ùñ p2q being obvious, we prove that p2q implies p1q. Reasoning by contradiction, we suppose that p2q holds true, but that Q is not a Kazhdan set in Z. We have to consider separately two cases, depending on whether Q is a Jamison set in Z or not.
Case 1. If Q is not a Jamison set in Z, Theorem 3.3 implies that there exists for every ε ą 0 a perfect compact subset K ε of T such that sup nPQ |λ n´1 | ă ε for every λ P K ε . Any continuous probability measure σ on T which is supported on K ε satisfies sup nPQ |p σpnq´1| ď ε, and this violates our supposition that p2q of Theorem 4.12 holds true.
Case 2. Suppose now that Q is a Jamison set in Z, and let ε 0 be a Jamison constant for Q (Jamison constants are defined after the proof of Theorem 3.2). The first step of the proof in this case is to show the following lemma:
Lemma 6.1. -Under the assumptions above, there exists for every ε ą 0 a discrete probability measure σ on T which has the following properties:
(a) sup nPQ |p σpnq´1| ă ε; (b) σ is supported on a finite subset F of Tzt1u: σ " ř λPF a λ δ λ , with a λ ą 0 for every λ P F and ř λPF a λ " 1; (c) 0 ă a λ ă ε{ε 2 0 for every λ P F ; (d) F is contained in the arc Γ ε " tλ P T ; |λ´1| ă εu.
Proof of Lemma 6.1. -Since Q is not a Kazhdan set in Z, there exists for each p ě 1 a probability measure µ p on T with µ p pt1uq " 0 such that sup nPQ |p µ p pnq´1| ă 2´p. We denote by µ p,d and µ p,c respectively the discrete and continuous parts of the measure µ p . First, we have:
Proof of Claim 6.2. -Suppose that lim pÑ`8 µ p,d pTq " 0. By passing to a subsequence, we can assume that µ p,c pTq tends to 1 as p tends to infinity, and we denote for each p ě 1 by ν p the measure ν p " µ p,c {µ p,c pTq; it is a continuous probability measure on T. For each n P Z, we have
Since the right-hand bound in this expression tends to zero as p tends to infinity, this yields that there exists for every δ ą 0 a continuous probability measure ν on T such that sup nPQ |p νpnq´1| ă δ, which contradicts assumption p2q of Theorem 4.12. So lim pÑ`8 µ p,d pTq " γ ą 0, as claimed. Now, observe that for every n P Z and p ě 1,
It follows that the discrete probability measures
Combining these inequalities with Claim 6.2, we obtain that there exists for every δ ą 0 a discrete probability measure τ on T with τ pt1uq " 0 such that sup nPQ |1´p τ pnq| ă δ.
Without loss of generality, we can suppose that the measure τ is supported on a finite set.
where G is a finite subset of Tzt1u, b λ ą 0 for every λ P G, and ř λPG b λ " 1. We have for every λ P G and n P Z 0 ď b λ`1´ℜ e λ n˘ď 1´ℜe p τ pnq ď |1´p τ pnq| so that sup nPQ p1´ℜe λ n q ă δ{b λ . It follows that sup nPQ |1´λ n | 2 ă p2δq{b λ , i.e. that sup nPQ |1´λ n | ă a p2δq{b λ . Now, recall that λ ‰ 1, and that Q is supposed to be a Jamison set with Jamison constant ε 0 . This implies that ε 0 ă a p2δq{b λ , i.e. that 0 ă b λ ă 2δ ε 2 0 for every λ P G.
The assumption that 1 belongs to Q now comes into play. It implies that |p τ p1q´1| ă δ, so that ż
By the Markov inequality, ? δ τ pTzΓ δ 1{4 q ă 2δ, where Γ δ 1{4 denotes the arc
Thus τ pΓ δ 1{4 q ą 1´2 ? δ. Let now σ be the probability measure on T defined by
It is a discrete probability measure, supported on the set G X Γ δ 1{4 , which has the form
Moreover, we have for every n P Z
? δL et now ε ą 0. If δ ą 0 is so small that pδ`4 ? δq{p1´2 ? δq ă ε, p2δq{p1´2 ? δq ă ε and δ 1{4 ă ε, the associated measure σ satisfies properties (a), (b), (c), and (d) of Lemma 6.1.
Our aim is now to use Lemma 6.1 in order to construct, for every ε ą 0, a continuous probability measure σ on T such that sup nPQ |p σpnq´1| ă ε. This will contradict assumption (2) , and conclude the proof of Theorem 4.12.
Let us fix ε ą 0, and let pε p q pě1 be a sequence of positive real numbers decreasing very fast to 0 (how fast will be specified in the sequel of the proof). Let pσ p q pě1 be a sequence of probability measures associated to pε p q pě1 given by Lemma 6.1. We write each measure
where F p is a finite subset of Tzt1u contained in Γ εp , 0 ă a λ,p ă ε p {ε 2 0 for every λ P F p , and ř λPFp a λ,p " 1. We have sup nPQ |p σ p pnq´1| ă ε p for every p ě 1. For each p ě 1, let us denote by F 1¨F2¨¨¨Fp the set
We construct the numbers ε p by induction on p ě 1 in such a way that they satisfy the following condition:
The support of τ p consists of the N p " #F 1ˆ# F 2ˆ¨¨¨ˆ# F p distinct points of the set F 1¨F2¨¨¨Fp . Whenever λ and λ 1 are two distinct elements of this set, |λ´λ 1 | ą 4ε p`1 . For each λ P F 1¨F2¨¨¨Fp , let Γ λ,p denote the arc Γ λ,p " µ P T ; |µ´λ| ă 2ε p`1 (Ä ll the arcs Γ λ,p , λ P F 1¨F2¨¨¨Fp , are pairwise disjoint. We denote by K p the following compact subset of T:
If λ P F 1¨F2¨¨¨Fp and λ p`1 P F p`1 , |λλ p`1´λ | ă ε p`1 , and if 2ε p`2 ă ε p`1 , it follows that the arc Γ λλ p`1 ,p`1 is contained in Γ λ,p . The sequence pK p q pě1 is hence decreasing, and τ q pK p q " 1 for every q ě p.
We now aim to show that for every q ě p and every λ P F 1¨F2¨¨¨Fp , which we write as λ " λ 1 . . . λ p with λ i P F i for every i " 1, . . . , p, we have τ q pΓ λ,p q " a λ 1 ,1 . . . a λp,p . For this it suffices to prove that for every λ 1 P F 1¨F2¨¨¨Fp and every λ i P F i , i " p`1, . . . , q, the point λ 1 λ p`1 . . . λ q belongs to Γ λ,p if and only if λ " λ 1 . Indeed, if this last statement is true we will have If the sequence pε p q pě1 decreases so fast that ř iěp ε i ă 2ε p for every p ě 1, the right-hand bound in the display above is less than 2ε p`1 , so that λλ p`1 . . . λ q indeed belongs to the arc Γ λ,p . Conversely, suppose that λ ‰ λ 1 . Then λ 1 λ p`1 . . . λ q belongs to the arc Γ λ 1 ,p which is disjoint from Γ λ,p . This proves our claim that τ q pΓ λ,p q " a λ 1 ,1 . . . a λp,p for every q ě p and λ " λ 1 . . . λ p with λ i P F i for each i " 1, . . . , p.
Observe now that if we endow the set PpTq of probability measures on T with the topology of w˚-convergence of measures, the map m Þ Ñ mpF q is upper semi-continuous on PpTq for every closed subset F of T. The arcs Γ λ,p being closed and disjoint, and the measure σ being the w˚-limit of the sequence of measures pτě1 , it follows that σpΓ λ,p q " a λ 1 ,1 . . . a λp,p for every λ " λ 1 . . . λ p with λ i P F i for every i " 1, . . . , p, and also that σpK p q " 1. The measure σ is thus supported on the compact set K " Ş pě1 K p , and there exists for every µ P K a unique sequence pλ i q iě1 with λ i P F i for each i ě 1 such that µ belongs to Γ λ 1 ...λp,p for every p ě 1. Thus It is at this point that we use our assumption that 0 ă a λ i ,i ă ε i {ε 2 0 for every i ě 1: it yields that 0 ď σptµuq ď If ε´2 p 0 ε 1 . . . ε p tends to zero as p tends to infinity, which can always be assumed provided ε p tends to zero sufficiently quickly, then σptµuq " 0. This being true for every µ P K, the measure σ is continuous.
We have thus constructed, for every ε ą 0, a continuous probability measure σ on T with the property that sup nPQ |p σpnq´1| ă ε. This stands in contradiction with assumption (2) of Theorem 4.12, and terminates the proof.
Equidistribution and Kazhdan sets in Z
As a straightforward consequence of Theorem 4.12, we obtain the following answer to Question 4.3:
Theorem 7.1. -Let pn k q kě0 be a sequence of elements of Z with n 0 " 1. Suppose that the sequence pn k θq kě0 is uniformly distributed modulo 1 for every θ P RzQ. Then tn k ; k ě 0u is a Kazhdan set in Z.
Proof. -The proof uses the same idea as that of Example 5.3. Let 0 ă ε ă 1, and suppose that σ is probability measure on T such that sup kě0 |p σpn k q´1| ă ε. Theňˇˇˇ1 Our assumption that pn k θq kě0 is uniformly distributed modulo 1 for every θ P RzQ means that 1 N N´1 ÿ k"0 λ n k / / 0 as N / /`8 for every λ " e 2iπθ with θ P RzQ.
If we denote by C the set of all roots of unity, this implies that σpCq ě lim N Ñ`8ˇż Cˆ1 N N´1 ÿ k"0 λ n k˙d σpλqˇˇˇˇě 1´ε ą 0, and thus in particular σpCq ą 0. Hence σ has a discrete part, and Theorem 4.12 implies that tn k ; k ě 0u is a Kazhdan set in Z.
More generally, we have:
Theorem 7.2. -Let pn k q kě0 be a sequence of elements of Z such that pn k θq kě0 is uniformly distributed modulo 1 for every θ P RzQ. Then tn k ; k ě 0u is a Kazhdan set in Z if and only if it generates Z.
Proof. -As observed already in Example 5.4, sets of the form aZ, where a ě 2 is an integer, are not Kazhdan sets in Z, while they satisfy the assumption that pn k θq kě0 is uniformly distributed modulo 1 for every θ P RzQ. So we only have to prove that if tn k ; k ě 0u generates Z and satisfies the equidistribution assumption of Theorem 7.2, tn k ; k ě 0u must be a Kazhdan set in Z. Suppose it is not the case. There exist then r ě 2 and k 1 , . . . , k r ě 0 such that n k 1 , . . . , n kr have no non-trivial common divisor, and hence integers a 1 , . . . , a r in Z such that a 1 n k 1`¨¨¨`a r n kr " 1. Since tn k ; k ě 0u is not a Kazhdan set in Z, there exists for every ε ą 0 a probability measure σ on T with σpt1uq " 0 such that sup kě0 |p σpn k q´1| ă ε. Then This being true for all ε ą 0, it implies that the sequence pp k q kě0 defined by the conditions p 0 " 1 and tp k ; k ě 0u " tn k ; k ě 0u Y t1u is such that tp k ; k ě 0u is a not Kazhdan set in Z. But pp k θq kě0 is still uniformly distributed modulo 1 for every θ P RzQ, and this contradicts Theorem 7.1.
As a direct corollary of Theorem 7.2, we obtain:
Example 7.3. -Let p P ZrXs be a non-constant polynomial. If the integers ppkq have no non-trivial common divisor, tppkq ; k ě 0u is a Kazhdan set in Z.
Proof. -It is well-known (see for instance [22] ) that for any non-constant polynomial p P ZrXs the sequence pppkqθq kě0 is uniformly distributed modulo 1 for every θ P RzQ. So Theorem 7.2 applies.
We finish this section with a remark concerning finite perturbations of Kazhdan sets.
Proposition 7.4. -Let Q be a subset of Z which generates Z. If Q is not a Kazhdan set in Z, Q Y F is not a Kazhdan set in Z either, whatever the choice of the finite subset F of Z.
Proposition 7.4 applies in particular when 1 belongs to Q. It obviously breaks down if one discards the assumption that Q generates Z: the set 2N is not a Kazhdan set in Z, while 2N Y t1u is a Kazhdan set.
Proof. -The proof is essentially the same as that of Theorem 7.2. Under the assumptions of Proposition 7.4, there exists for every ε ą 0 a probability measure σ on T with σpt1uq " 0 such that sup nPQ |p σpnq´1| ă ε and |p σp1q´1| ă ε. If follows that |p σpnq´1| ă #F ε for every n P F . This being true for all ε ą 0, Q Y F is not a Kazhdan set in Z.
Corollary 7.5. -Let Q be a Kazhdan set in Z such that 1 belongs to Q, and let F be a finite subset of Q, not containing the point 1. Then QzF is still a Kazhdan set in Z.
